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Abstract: Quantum field theories on noncommutative Minkowski space are studied in a 
model-independent setting by treating the noncommutativity as a deformation of quantum 
field theories on commut ative space. Starting from an arbitrary Wightman theory, we 
consider special vacuum representations of its Weyl-Wigner deformed counterpart. In such 
representations, the effect of the noncommutativity on the basic structures of Wightman 
theory, in particular the covariance, locality and regularity properties of the fields, the 
structure of the Wightman functions, and the commutative limit, is analyzed. Despite the 
nonlocal structure introduced by the noncommutativity, the deformed quantum fields can 
still be localized in certain wedge-shaped regions, and may therefore be used to compute 
noncommutative corrections to two-particle S-matrix elements. 
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1. Introduction 

Models of quantum field theories on deformed, noncommutative spaces have been under 
intensive investigation in the last years |], ^, |], [5|, |(| |7j . A main motivation for studying 
such spaces is the fact that their spatial and temporal coordinates satisfy those uncer- 
tainty relations which are suggested by the uncertainty principle and classical gravity (T|. 
Quantum field theory on noncommutative spacetime therefore provides an intermediate 
step towards a full quantum mechanical treatment of gravity as required for Planck scale 
physics. 

The construction of models on such deformed spaces faces however new difficulties, for 
example the nonlocal features caused by the noncommutative structure of the underlying 
space. In most approaches, noncommutative spaces are taken as a motivation for intro- 
ducing modified effective Lagrangeans on commutative spaces. The corresponding field 
theories are then studied with the methods of perturbative renormalization, either in a 
Lorentzian or Euclidean setting [Q, ||, |9j, which sometimes are better behaved than in the 



commutative case [|C], [XT], [12 1 



Besides these constructions of specific models, there also exist model-independent 
proposals about the formulation of quantum field theories on noncommutative spaces 



13] , 14, 15 1 . In this paper, we develop a particular model-independent approach and con- 



sider the noncommutativity as a deformation of a quantum field theory on commutative 
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Minkowski space. Our starting point is an arbitrary theory of Wightman quantum fields 
4>i, 4>k, about which we assume the usual covariance, locality and regularity properties, 
but make no assumptions as far as a Lagrangean formulation or the interaction is con- 
cerned. We then propose a deformed, noncommutative version of this theory, and study 
its properties. 

As a simple and well studied example of a noncommutative space, we work on the 
so-called noncommutative Minkowski space. In the formulation given by Doplicher, Fre- 
denhagen and Roberts fl]], it is modelled as a C*-algebra generated by four selfadjoint 
coordinate operators Xq, ...5X3 and an identity 1, satisfying the "quantum conditions" 

[X II ,X V \=:%Q IIV , [X fX ,Q UK ]=0, (1.1) 

QftvQ^ = 2(/t e — K m ) • 1 , ^puXpQ^ Q p = ~8n e K m ■ 1 , (1-2) 

with some constants K e , K m G H, measuring the strength of noncommutative effects. Gen- 
eralizing the well-known Weyl-Wigner correspondence between functions on commutative 
and noncommutative Minkowski space (see, e.g. [§]), we consider the Weyl-Wigner de- 
formed fields H] 

X^ f ^pe'^^Wp). (1.3) 



This formal assignment, well known from free field theories in the noncommutative setting 
Q, is here used to define the polynomial algebra of general deformed quantum fields. To 
make contact with field theory on the Moyal plane where the commutators Q^ v are 
realized as multiples of the identity, we then consider special vacuum states on this field 
algebra, which correspond to fixing a value 6 in the joint spectrum X of the commutators 
Qfj, u . In the corresponding vacuum representations, we find a family of deformed quantum 
fields <f> 9 k , which coincide with the ones recently proposed by Soloviev fl5|| . 

The main characteristics of the deformed theories governed by the fields <fi e k can be 
summarized as follows: The continuity and domain properties of the Wightman fields are 
stable under the deformation, and in the commutative limit 9^0, the deformed fields 
converge strongly to the undeformed ones. The deformed models are Poincare covariant, 
but in general, Lorentz transformations link fields with different spectral values 8 € S, and 
we therefore consider an infinite family of different field operators. Although the fields <p k 
are not local, we find that they are not completely delocalized either: Each field operator 
4>f.(f) can be localized in a certain wedge-shaped region of Minkowski space in a manner 
which is consistent with covariance and causality. This weak form of locality is strong 
enough to allow for the computation of two-particle S-matrix elements [|i~6| , 0, [lTj . 

These findings generalize our previous analysis of a free, scalar quantum field on non- 
commutative Minkowski space H, which was subsequently generalized by Buchholz and 



Summers to arbitrary models [17] in the framework of algebraic quantum field theory pq| . 
From the point of view of deformations of observable algebras, we show in this paper how 
their general deformation theory looks like in a concrete Wightman setting, and how it is 
related to vacuum representations of Weyl-Wigner deformed fields. Moreover, we find that 
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the deformation induced by the noncommutative space is only a single example of a 
large class of deformations, and mention other examples. 

This article is organized as follows: In Section we summarize our assumptions on the 
underlying undeformed quantum field theory, and describe the form of noncommutative 
Minkowski space which we use. We then formulate the algebra of Weyl-Wigner deformed 
fields, introduce a class of vacuum states on it and consider the corresponding vacuum 
representations. 

It turns out that the deformation of the Wightman theories amounts to a deformation 
of the underlying Borchers-Uhlmann tensor algebra of test functions, which is here endowed 
with a twisted (Moyal) tensor product instead of the usual tensor product. In Section || 
we study various features of this Moyal tensor product, which are then used in Section [| 
to derive the above mentioned properties of the deformed quantum fields. 

Our conclusions and some comments on possible future developments are presented in 
Section [|. 

The following notations and conventions will be used throughout this paper. All our 
considerations take place on four-dimensional Minkowski space, the generalization to ar- 
bitrary dimensions d > 2 being straightforward. We define the Minkowski metric as 
T) = diag(+l, -1,-1,-1), i.e. the inner product is x ■ y := (x,r]y) = x y - Ylk=i x kllk, 
where ( • , • ) denotes the positive definite Euclidean scalar product. Also the Fourier trans- 
form is defined using the Minkowski product, f(p) := (2n)~ 2 J d^x f(x) e~ vp x . We will 
employ the notations 

pOq := (p, rfi m ) = P^ u q u , (Bp)„ := B^jT , (1.4) 

and denote the space of all real, antisymmetric (4 x 4)-matrices by R_ x . Finally, a dash 
on a subset O C H 4 is used to denote the causal complement of that region, O' = {x G 
R 4 : (x-y) 2 <0VyG O}. 

2. Vacuum representations of deformed quantum fields 
2.1 Assumptions on the undeformed field theory 

The starting point of our investigations of deformed quantum field theories is an unde- 
formed, usual theory on commutative Minkowski space IR , described in the Wightman 
framework |jl9| , |20| ] . In this section, we collect our corresponding notations and conven- 
tions, which are by and large standard. 

The theory is formulated on a separable Hilbert space 7i, on which the relativistic 
symmetries act via a strongly continuous, (anti-) unitary representation U of the universal 
covering group V\ of the identity component of the Poincare group, V\ = R 4 x SL(2,C). 
We denote the covering homomorphism between SL(2, C) and the identity component C\ 
of the Lorentz group by A ^ A(A). 

Since we are interested in vacuum representations, we require positivity of the energy 
in all Lorentz frames, i.e. the joint spectrum of the generators of the translation groups 
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U{y^, 1) lies in the closed forward lightcone := {p £ R 4 : p 2 > 0, po > 0}. Furthermore, 
there exists a [/-invariant unit vector Q ETC, representing the vacuum state. 

We allow for finitely many arbitrary scalar, tensor or spinor fields and denote the 
components of all these fields by <j>i, ...,(f>K, K < do. They constitute the operator-valued 
distribution (f>(f) : = X^fc=i depending linearly on multi component test functions 

f = (fi,...,fK)^y K :=y(TRT K - 

The operators </>(/), / G S^K-, and their adjoints contain a common, stable, [/-invariant, 
dense subspace T> C TC including f2 in their domains such that / i— > (\E f , 4>(f is a K- 
component tempered distribution if G P. More specifically, we will consider the fields 
as operators on the domain they generate from the vacuum, i.e. on 

V := span{*"(r ) : /"^.«^o). (2- 1 ) 
* n (/l®...®/„):=0(/O---0(/n)n, fl,...,f n eJ? K , (2-2) 

and assume that 2? lies dense in "H. By application of the nuclear theorem, the ^ n (|2.2j ) 
an be extended to "H-valued tempered distributions on plf , i.e. we have a collection 
of linear, continuous maps 3 f n i— » \P n (/ n ) G 

It will be convenient to include the adjoints of the fields in the set ...,<^k-}, and 
consider also them as being defined on the domain V. We write 4>k(f)*\v = <%(/) ; & G 
{1, ..,#}• 

Depending on the transformation behavior of the fields there exists some if- 
dimensional representation D of SL(2, C) such that 

U(y,A)</>(f)U(y,A)- 1 = <l>(f ()liA) ), f€J? K , (2.3) 

K 

f(vM x h ■= E Di^hfiAiArHx - y))i ■ (2.4) 
l=i 

To describe the commutation relations of the fields, we assume that the index set 
{1, K} = IbUIf is the disjoint union of a set Ib of "Bose indices" and a set Ip of "Fermi 
indices". The corresponding fields commute or anticommute at spacelike separation, i.e. 
with * GP, f,g G ^(R 4 ), 

[&(/), 0z(5)]±* = if (supp/) C (supps)' . (2.5) 

Here the sign in = cftk&i ^ ^i^fc is "+" if Ar, Z G Jp and "— " otherwise. Note that 

according to our conventions, these commutation relations also involve the adjoint fields 

MfT- 

It will often be convenient to consider the Borchers-Uhlmann algebra |22|, |23|, i.e. the 
tensor algebra over 5^k- Its elements are terminating sequences 

/ = (/°,/ 1 ,...,r,0,...), (2.6) 

with f° G G K , f n G <5^k- Addition, scalar multiplication and Fourier transformation is 
defined component wise, and we endow Sf_ with its usual topology []i~9| . 
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The Poincare action fl2.4|) can be extended to by taking tensor products and direct 
sums, i.e. with D = D(A~ l ), A = A(A), we define 

K 

f^ y A) (xi,...,x n ) k = D hki ■ ■ ■ A„fc„/ n (A _1 (xi - y), A~ 1 (x ri - y))i . 

li,...,l n =l 

The notations f {y) := / (tf)1) and *(/) := £ n *"(/") for / = (/°, J 1 , ...,/", 0, ...,) e ^ will 
be used throughout. 

Finally, we introduce two antilinear involutions / i— > /* and / i— » / J on J5^, 



(ff(ii,...,i n ) fc :=/ n (x re ,...,xi) s , k = (k n , fci ) , (2.7) 
(/ J ) n (xi, x„) fc := z^ fc ) / n (-xi,..,-x n ) Si ...fc n , (2.8) 

related to the adjoint and TCP-transformed fields, respectively. Here N(k) := X^j=i N(kj) 
takes into account a possible spinorial character of the fields, with N(kj) G Z and N(kj) = 
N(kj). 

The vacuum expectation values of the fields, i.e. the n-point functions, are denoted by 
u n (f n ) := <J2, , feyi, (2.9) 

and we also write := <^ra(/ n )- With these conventions, we have 

<K/)#(<7) = *(/&<?), fe^ K ,gey, (2.10) 
(v%), =o;^*®/i), g,h^y. (2.11) 

2.2 Noncommutative Minkowski space 

Having made precise our assumptions on the undeformed quantum field theory, let us de- 
scribe the representation of the algebraic structure fll.lj ) defining noncommutative Minkowski 
space which we will employ, following closely the original formulation in 

The quantum conditions Ql.l| ) imply that the commutators Q^ u = —i[X^,X u ] commute 
with each other, and their joint spectrum is contained in the set 

S := S KcKm = {9 G Ri x4 : 9^ v = 2(k 2 c - k 2 J , e^B^ff* = -8 K e K m } . (2.12) 

The two parameters n e , n m entering into the construction will be taken as arbitrary but 
fixed real numbers in the following, and possible dependencies on these parameters will 
only be indicated when their values are of importance. The same convention applies to the 
reference matrix 

/ k c \ 

-«e 

K m 
\ -K m J 



n ■- 



G S KeKm . (2.13) 



The set S KeKm is a homogeneous space for the proper orthochronous Lorentz group C + 
with respect to the action 9 A9A T , and to each 9 G S KoKm we associate a Lorentz 
transformation Ag such that Aq9\AT = 9. 
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For the formulation of a representation space for the commutation relations fll.l| ), we 
view £ as a submanifold of H 16 , and equip it with the corresponding differential structure 
and measure da (9). We then consider the Hilbert space 

V := L 2 (R 2 x E, d 2 s x da{9)) (2.14) 

and its dense subspace V°° := Co°(]R 2 x £). 

Let £o,...,X3 denote the Schrodinger position and momentum operators acting on 
L 2 (R 2 , d 2 s), i.e. x = si, x 2 = s 2 , £1 = -in e d Sl , x 3 = -tK m d S2 . Then [x M ,x^] = i( 



and the noncommutative coordinates are defined as, v E V°°, 



:= ({A e x)^v)(s,9). (2.15) 

The commutators := —i[X^,X u ] satisfy (Q^ u v)(s,9) = 9^ IV ■ v(s,9), and the joint 
spectrum of the Q^ u is £. The C*-algebra generated by the X M is denoted £ and taken as 
the model of noncommutative Minkowski space Q. 

2.3 Vacuum representations of the Weyl-Wigner deformed field algebra 

After these prerequisites, we turn to the formulation of the deformed quantum field theory. 
The basic idea for transporting the fields fa to noncommutative Minkowski space is to 
use a generalized Weyl-Wigner correspondence [§], i.e. to define il fa(Xy with the help of 
the Fourier transform <ftk of fa, but making use of the exponentials exp(ip ■ X) involving 
the noncommuting coordinates X^. Due to the operator nature of the fields <j>k, this 
correspondence is usually taken in the tensor product form X i— ► J dpe tp ' x <8>0fc(p). Values 
of the field at different points are then defined with the help of the translations, which are 
implemented on the noncommutative Minkowski space by shifting the Xn with multiples 
of the identity, X^ i— > Xa + ■ 1 . These ideas can be summarized in the following formal 
definition @, Hi, 



(2^)- 2 f d 4 p [e ipX ® e tpx fa(p)) , xeTR 4 . (2.16) 



In the context of deformed free fields, the 4>f{x) are usually considered as maps from states 
on £ to field operators on Fock space §. We take here a slightly different point of view 
and want to study certain states and representations of the polynomial algebra generated 
by the fields To this end, it is necessary to give rigorous meaning to the expression 
fl2T6 ) linear operator on some domain in V <g> H = L 2 (R 2 xE^Tf). 

This can be done as follows. We consider the enlarged Borchers-Uhlmann algebra 

■- C^(R 2 x £) ®y, (2.17) 

and denote its elements by bold face letters, / = (/°, f 1 , f n , 0, ...), and their dependence 
on s, 9 by subscripts, i.e. f™g 6 ^k- These test functions are mapped to vectors in 
L 2 (1R 2 xS->H) via 

/ — » , **(/)(*, 0) := *"(/?,*) ■ (2-18) 
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The space spanned by the will be denoted X>®. To describe the fields 0®, we define 

an action of S^k on Sf ® by 

(f^g)lo(pi, -,Pn)ki ■= f(pih ■ (e i ^ x g):/( P 2, ..., P n)i , /e^,se^. (2.19) 

Here the coordinates Xu act in their previously defined Schrodinger representation on the 
(s, #)-variables of g. Note that in view of the smooth and compactly supported (s,6)- 
dependence of elements on Sf® s we have / X g G J^® ' . 

With this action, the Weyl-Wigner deformed quantum fields 0® take the form 

^W(fl) = $ 8 (/x fl ). (2.20) 



This formula can be regarded as the precise definition of the formal expression ( 2.16| ). Some 



of the relevant properties of the fields (/>®(f) are summarized in the following proposition. 
Proposition 2.1 The fields 0®(/) have the following properties: 

a) Each 0®(/), / G ^k, a well-defined linear operator on the dense domain T>® , and 
leaves T>® invariant. 

b) <wr d 

T/ie expectation value of products of fields in a vector state of the form v®Q,, v G V°°, 
is 

<«®n, 0®(/i)---A/n)w®n> 

fc ' j=l l<r 

Proof, a) To prove that 0®(/) is well defined, let ge^ with *®(g) = 0, i.e. 

^«e®M = ' s£E 2 , #G£. (2.22) 

Using the explicit Schrodinger representation of the X^, one can easily show that given 
/ G there exists h £ 5? ® (depending on f,g) such that 



ds da{6) x g)* e ® (f X g) 8>e ) = ds da(9) u{h sfi ® g afi ) ■ 



In view of ( 2.22 ) and the Cauchy-Schwarz inequality satisfied by oj, 

ds da(0) Lo{{f x g)* fi ®(fx g) 8fi ) < J ds da{9) u(h* >e ® h sfi ) l ' 2 u{gl e ® g^) 1 / 2 = . 

Since w is positive, this implies u((f x g)* e ®(fx g) s ,e) = f° r an s > Hence ^®{g) = 
implies *®(/ x g) = 0. Taking also into account that / xg £ J^® for g £ J^®, / G y K , it 
follows that 4>®{f) is a well defined linear operator on the domain V®, with (j)®(f)V® C D®. 
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b) With arbitrary g,h G S?®, n,m G INo, / G =5^, we compute 

(*®(fe n ), ^(/)*®( S m )) = | ® (/ x <? m M 

= | ^(^((/'X/I")^^ 

= <*®(/* x h n ), f ®(s m )) = (cj)®(f*)-$®(h n ), ^®(g m )) . 

This implies <£®(/)* D 

c) The vacuum vector £1 G 7i is given by the constant function 1 G in the Borchers 
algebra, l n (x) = S n> Q. By definition of cj>®, we therefore have 



Wi) • • • ® fi) = *®(D , (2-23) 



with 



/s,e(Pl> -Pn)fe = (/l X (/2 X -/n X (v <8> l)...))s,6»(pi, -,Pn)fe 

= 7i(pik(e ipi - X (/ 2 x ...(/„ X {v®\))...) S! e(jP2,...,Pn) 

n 

= HfMh ■ (e lJJ1 - X ---e^- x v)(s,e). (2.24) 

Since the commutators = — X„] act as {Q fJLV v){s, 9) = ■ v(s, 6), it follows from 
the Baker-Campbell-Hausdorff formula that 

{e ipvX ■■■e ipn - x v){s,0) = JJ e-^.fe'^i^)^^), (2.25) 

l<i<r<n 

Putting these identities together, we arrive at the expectation values 

<j>®{h)---<l>®tfn)v®Sl) = Jdsda(0)W*>O)-nMf?,o)) ( 2 -26) 

/. n n 

dsdaie) / ^^(-p) fc n^fe)^n e " fpiepr ^^( eiE ^ iPrXv )( s ^)- 
re •* j=l Kr 

In view of the translation invariance of the undeformed fields the re-point function Cb n {p) 
is non- vanishing only for zero total momentum Y^j=\Pj- We ma y therefore drop the factor 
e iJ2j=iPr x i n (|2T26|) and arrive at ( |23l|) . □ 



Regarding all polynomials in the fields <j)®{f) and <j>®(f)* as being defined on Z>®, 
we obtain a *-algebra ^® of operators on V tg> H, the algebra of Weyl-Wigner deformed 
quantum fields. In contrast to the commutative situation, &® acts reducibly 1 on the 



1 We acknowledge a helpful discussion with E. Seiler on this point. 
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domain Z>®. In fact, &®(v ® £1) is a nontrivial ^®-stable subspace of V <8> T~t, since 
^*®(«®n) C (^(ugfi)) 1 if Jds^^e)v(s,9) = for all flGE. 

In the following, we will change to a different representation of &® , given via the GNS 



construction [24] by a vacuum state on this algebra. Guided by the picture of modelling 
a situation in which the degrees of freedom of the noncommutative background are not 
coupled dynamically to the fields, we consider product states of the form v®u on where 
lu = (fi, is the vacuum state of the undeformed field algebra, and v a (sufficiently 

regular) state on £. To make contact with QFT on Moyal space, where the commutators 
of coordinates are taken to be multiples of the identity, = i9 fiu • 1, we will more 

specifically consider states u>° := v e <S> u>, where u 8 on £ corresponds to a fixed spectral 
value 2 6 G S. 

These states therefore have the form ( 2.21 ) with J ds\v(s, 9')\ 2 replaced by 5(9' — 9), 



i.e. 



/n n 
d 4n p u> n (-p) k J] ./>,),, JI e-** 9 * . (2.27) 
k j=l l<r 

For the description of the GNS representation of £P® with respect to u> e , we introduce 
the Moyal tensor product, a generalization of the star product to non-coinciding points Q. 

Definition 2.2 (Moyal tensor product) 

Let 9 G IR 4 * 4 . For f n G S^, g m G S^, the Moyal tensor product f n ® e 9 m is defined via 
Fourier transformation as 

n m 

(f^Tg m )( Pl , ...,p n ; q 1} q m ) kt := J] J] e~ V*- ■ f n ( Pl , j^^gi, q m )t ■ 

1=1 r=l 

(2.28) 

By bilinearity of (gig, this definition is extended to f = (f , f 1 , ...), g = (g°, g 1 , ...) G 5? . 

Theorem 2.3 (Vacuum representations of £P® at fixed 9 G X) 

T/ie G-/V5 1 data o/ i/ie Weyl- Wigner deformed field algebra &® with respect to the state uj 9 



( 2.27 ) are up to unitary equivalence given by the Hilbert space Ti of the undeformed theory, 



the domain of definition T> (2.1), and the vacuum vector £1 as implementing vector, with 



the fields represented as, f G S^k, g G 

ir e (<P®(f))^(g) = ^(f® e g). (2.29) 



Proof. For comparison with the claimed formula ( 2.29| ), we define new fields <fi d (f), f G 5^k 



on V C Ti by (j) (f)^(g) := ®q g), g G 5^_. In close analogy to the proof of Proposition 



2.1, one can show that these are well-defined linear operators on T>, which satisfy 

/(/)*D /(/*). (2.30) 



2 For a very different choice of state, see EJ. 
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For an explicit proof of these properties, see also Proposition iA_ below. 

Furthermore, the vacuum $7 is a cyclic vector for the polynomial algebra £? 9 generated 
by all fields /(/), G S*k, i-e. ^ 9 ^ = H. To prove this claim, let $ _L ^» e fJ and note that 
an ra-fold Moyal tensor product has the form fx, f n £ ^k-, 

n 

(fl®7^efn)(pi,.--,P n )h = Y[fj(Pj)k j - II (2.31) 

j=l l<Kr<n 

Thus, for arbitrary fx, f n £ y K , 

= (*, /(/x) • • • /(/ n )0) = ($, • (/i ® ... ® /„)) , (2.32) 

where F 9 (pi, ...,p n ) = YYl< r ex P( — \v$Vr)- By linearity and continuity, this equation also 
holds if /i ® ... (g) / n is replaced with any test function <? n € =5^. Choosing the Fourier 
transform of g n to have the form (F^) _1 -/i n , with arbitrary h n G =5^, we find (<£, ^ n (h n )} = 
0. In view of the cyclicity of the vacuum for the polynomial algebra of the undeformed 
fields, this implies $ = and hence £P e Q = TL. 

Now let (V 9 C TL 9 ,Q 9 ,ir 9 ) denote the GNS data of the pair (&>®,Lj e ). We have to 
show that these data are unitarily equivalent to the ones given in the theorem. Since Q 9 is 
the GNS vector for (£P®,oj 9 ), comparison with ( p. 27 ) yields 

(n, /(A) • • • 0*(/„)fi) = c/(<A/i) • • • <A/n)) = <fi fl , AAA)) • • • n e (<t>®(f n ))n e ) . 

As a consequence of this identity, the coinciding form of the *-structures (cf. Proposition 
ED] b) and ( ggjp ) for ^® and ^ and the fact that n 9 resp. O is cyclic for ir 9 (^®) resp. 
it follows that the map V : H e -> H, 

V A<Wi)) • • • 7r e (^(/ n ))O e := /(/i) • • • 4>\f n )Q, , (2.33) 

is well defined and maps tt 9 (£P®)Q 9 isometrically onto Q. Hence it extends to a unitary 
mapping TL 9 onto ^ e fl = TL. 

By construction, V£l 9 = $1 and Vtt (<f)®(f))V* = 4> 9 (f), so the proof of the theorem is 
finished. □ 



Remark: Theorem 2.3 relies via Proposition |2.1| c) on the translation invariance of the 
vacuum, but not on more specific properties of this state, like positivity of the energy 
or Lorentz invariance. It therefore also applies to more general translationally invariant 
states, such as thermal equilibrium states. 



Given the importance the ^-deformed fields introduced in the proof of Theorem |2.3j have 
in the subsequent sections, we write down their formal definition explicitly. 

Definition 2.4 (^-deformed fields) 

The 9-deformed quantum fields rf> (/) are defined as linear operators onV C TL by 

<p 9 (f)y(g):=^(f®eg), fe^K,ge^- (2.34) 
The * -algebra generated by these fields is denoted 2? 9 . 
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The fields 4> e have recently been found by Soloviev, who proposes them as a possible 



generalization of Wightman quantum fields to noncommutative Minkowski space [15]. Here 
we see how this construction is related to the choice of a particular vacuum state on the 
algebra of the Weyl-Wigner deformed fields 0® . 

For the case of a free field tfi, the ^-deformed fields cj) e have been constructed in our 
previous work ||. Forgetting about the original motivation to understand representations 
of the Weyl-Wigner deformed field algebra and noncommutative Minkowski space, one can 
also view (j) —* <p e as a deformation of quantum field theories on the usual commutative 
Minkowski space. This point of view has been taken by Buchholz and Summers, who re- 
cently formulated a general algebraic version of this deformation, the warped convolution 
deformation fT^| . In the concrete Wightman setting discussed here, this deformation coin- 
cides with the replacement <fr —> <\P . 



By comparison of ( [2.10 ) and Definition |2.4| , it becomes apparent that the deformation 



(j) — > (jf amounts to introducing a new tensor product on the Borchers-Uhlmann algebra 
y , replacing the usual tensor product (f n <g> g m )(x,y) = f n {x)g m {y). Therefore, the prop- 
erties of the ^-deformed fields can also be derived from properties of the Moyal tensor 
product, instead of following the more algebraic reasoning of [Oj. As we shall see later on, 
this has the advantage that more general deformations with interesting properties can be 
defined. In the following section, we extract the relevant properties of the tensor product 



3. The Moyal tensor product 



The Moyal tensor product (E>e was introduced in Definition 2.2 in momentum space, i.e. 
via Fourier transformation. Going over to position space, one checks by straightforward 
calculation that it can also be written as, f n £ g m £ =^p, 

(f n ®8 9 m )(x,y)M = K~ 4 I A J d\f^{x) k g^ q) {y) t e- 2 ^ (3.1) 

- 4 f A / d A q fl m (x) k g^ q) (y) t e- 2 ^. (3.2) 



7T 



For n = m and scalar functions (K = 1), one recovers the usual Moyal star product (with 
noncommutativity ^9) by passing to the diagonal x = y, 

(/" ®e 9 n ){x,x) = (/" * ej 2 g n )(x) , f n ,g n e ^(M n ) . (3.3) 

In the literature, sometimes also f n (x) * g m (y) is written instead of (/ n fS>e 9 m ) or (f n (gig 
g m )(x,y), but for the sake of clarity, we stick to the tensor product notation ®g. 

Lemma 3.1 (Basic properties of the Moyal tensor product) 

Let 9 £ Ml* 4 . The corresponding Moyal tensor product ®g has the following properties: 

a) <S>h ■ X — » y is a bilinear, associative, and continuous map. 
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b) Equipping the space Hl x4 of antisymmetric (4x4) -matrices with the matrix (operator) 
norm, the map 9 i— > / ' ®e g is continuous in the topology of for any fixed f,g£ 

c) Poincare transformations act on Moyal tensor products according to, (y,A) G V\, 

(f ®6> a)(y,A) = f(y,A) ®A(A)0A(A) T 9(y,A) • ( 3 -4) 



d) Forf,gey, 



(J ®$ 9)* = g* ®e f* , (3.5) 
U ®eg) J = f J ®-e9 J ■ (3.6) 



Proof, a) The bilinearity of ®# follows directly from the definition ( p. 28 ), and since mul- 
tiplication with the function ]Xl <r e~ m9pr ^ 2 is a continuous map from 5? (]R 4(n+m ) ') to 
^^4(n+m)^ we a ^ go h aV e continuity. Associativity, i.e. / ®q (g <£>q h) = (/ <£>q g) ®q h, can 
easily be checked in momentum space. 

b) This follows from Def. |2,2j by using the estimate 



\ e ^ P oi_ e -^'i\<h p \.\ q \.\\e-9'\\, P ,q£M\ M'eR 4x4 , 

and similar bounds for the derivatives of this function. 

c) Note that since p9q = (p,r}9nq), there holds for any A G C the equality 

(A" 1 p)6»(A" 1 g) = (A~ 1 p,rj9r]A~ 1 q) = (p,r]A9A T r]q) = p (A9A T )q. 

The Fourier transform of f™ yA ^ is fjl A \(j>) = e~ iy '^"=i pa ■ f n ^ 0A ^(p)- Writing A := A(A), 
this implies 



P! )0(A-V) 

Lr=l 



(f^5i W )(p.4t=/VA)(p)^o,A)(9)t^ (E - ip ° +E£i,4) n e ^ (A_1 

n,m 

= 7^ ) (p) k gf^ ) (o) t [I « iPl(MT)?r 

l,r=l 

proving c). 

d) The involutions f ^ f J and />—►/* (2.8, ^?7| ) act in momentum space according to 



(/^)«( Pl , ..., Pn ) k = i N ^ r( P i, -,Pn)- kl - kn » (3-7) 



(/*)»(?!, ...,p n ) fe = f n (-Pn, ~Pl) S . (3.8) 



Since conjugation changes the sign of 9 in the phase factors exp(— %pi9p r ) in (|2.28| ), this 
implies (/ ®# g) J = f <2)-e g J ■ For / /*, one has to take into account that inverting 
the order of the momenta amounts to exchanging 9 with —9, too. □ 
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Remark: Whereas the Moyal tensor product <S>e is an associative product, brackets can not 
be omitted in multiple products if different noncommutativities 8, 9' £ M 4x are involved, 
i.e. in general 

(/ ®e g) ®e>h^f ® e (g ® e , h) , 6^0'. (3.9) 



In our discussion of locality properties in Section 4.4, we will also need statements about 
support properties of Moyal tensor products, and therefore prove a corresponding propo- 
sition here. For its formulation, let us define the total momentum support of a function 
f n G y(M n ) as 

n 

^/ : ={&' : bi,-,Pn)esup P r}c]R 4 , (3.10) 

3=1 

and write for sets S n C R 4n 

S n +U f :={( yi +q,...,y n + q) : (y x , y n ) G S n , q G Uf\ . (3.11) 

Proposition 3.2 (Support properties of Moyal tensor products) 

a) Let f n G y(]R n ), g m G J^(lR m ). Then 

supp(/ n ® e g m ) C (supp/ n + \9U g ) x (supp*?™ - ±0W/) . (3.12) 

b) Let fx, f 2 G ^(1R 4 ) ; g n G ^(M n ) and consider a tempered distribution W G ^(lR 4 ( n+2 ))' 
whose Fourier transform has support in the (n+ 2) -fold product of some cone V C H 4 . 
TTien 

Wl ®0 (/2 ®_* 5")) = ^(XU ■ (/l ®0 (/ 2 <?"))) , (3-13) 
where xu denotes the characteristic function of the set 

U := (supp fx - 9 V) x (supp / 2 + V) x R 4n . (3.14) 

c) For fx, f 2 G ^(M 4 ) ; g n G ^(R 4 ™), 

(/i ®e {h ®-e 9 n ))(x 2 ,xx,y) = (/ 2 <8>-$ (h ®e g n ))(x 1 ,x 2 ,y) . (3.15) 

Proof, a) Let x/ anci denote the characteristic functions of tlf and U g , respectively. 
Since f n (p) = Xf(Yll=iPj) ' /"(?*)> we can represent /" in (3A) as a convolution with \f- 



U n ®eg m )(x,y) = [ d t [dq [ dzf^ +z) {x) Xf (z)g^ q) (y)e-^ 
= tt- 4 / dt I dqffa(x)x f (-2q)g% q) (y)e-^ << 
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The q- integration is here restricted to —\U$ because of the support properties of Xf- Thus 
(/ n <8>0 9 m )(x,y) = if y is not contained in the set (suppg m — \6Uf). 

Alternatively, we can use (|3.2[ ) and represent g m as a convolution with Xg> 



(P ®e9 m ){x,y)=K- A j J d q fl eo {x)g^ q) {y)x 9 (-^>- 2li - q 

implying (f n ®q g m )(x,y) = for x ^ (supp/ ra + \QUg). This proves the claim about the 
support of f n 08 g m ■ 

b) Let U\,U2Mg denote the total momentum supports of fi,f2,9- By twofold appli- 
cation of a), the support S of f± <&g (f 2 (g>-0 5) can be estimated according to 

S C (supp/i + i#(^ 2 x (supp(/ 2 - 

C (supp A + ±#(^ 2 + U g )) x (supp / 2 - \d(U x + x R 4n . (3.16) 

For the evaluation of this test function in the distribution W, we have to take into account 
that in 

W(h ®e (f2®-eg n )) = I dp 1 dp 2 dqW(- Pl ,-p 2 ,-q)f 1 (p 1 )f 2 (p 2 )r(q)e-^ ie{p ^ 



with q := Yl^iQji au momentum integrations are restricted to the cone —V. Hence we 
can proceed as in the proof of a), but use —V instead of the total momentum supports to 
determine the restriction on the position space integrals in W(fi <S>e {f 2 ®-o g 11 ))- After the 
replacement Ui,U 2 ,U g — > —V, the set (|3.16| ) turns into U ( |3. 14j) since V is a cone. Thus 
(|3TT3|) follows. 

c) From Definition 2^2 one can easily deduce the exchange rule, f\,f 2 £ ^(K 4 ), 
g n e J^(lR n ), 

(fi®eV^®e> g n ))(P2,Pi,q) = e^ e+e '^ ■ (f 2 ®e^{h®6 g n ))(Pi,P2, q) ■ (3.17) 
For the special case 6' = —9, this simplifies to, x\,x 2 £ H 4 , y G K 4 ™, 

(/1 ®e {f2®-e g n ))(x2,xi,y) = {f2®~e [h ®e g n )){xi,x 2l y) , (3.18) 
which is the claimed identity ( 3.15| ). □ 



4. ^-deformed quantum fields 

This section is devoted to the analysis of the ^-deformed quantum fields (Def. |2.4| ) , using the 
properties of the Moyal tensor product established before. In Subsection |4.1| , we consider 
the domain and continuity properties of the field operators (f) 6 {f), which turn out to be 
stable under the deformation. We also show that the commutative limit 6 — » is continuous 



in a strong sense. In Subsection 4.2, we then discuss the structure of deformed n-point 
functions and comment on the reconstruction theorem in the deformed setting. 

The most significant changes introduced by the noncommutative background are re- 
lated to the covariance and locality properties of the quantum fields. These questions are 
considered in Subsection 



References to the literature are given in the respective parts of this chapter. 
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4.1 Regularity and commutative limit 

Proposition 4.1 (Wightman properties of the deformed field operators) 

Consider the 8 -deformed fields <p e {f) ( |2.34] ) 7 with some noncommutativity 9 G IR 4 * 4 . Then 

a) The dense subspace T> is contained in the domain of each 4> 9 (f), f G S^k- 

b) For ¥, ¥' G V, the map S^k 9 / 1 — * (¥, <^ (/)¥') is a tempered distribution. 

c) For any f G 5?k, 

<t> 6 (f)*D /(/*)■ (4.1) 

For eac/i open set O C 1R 4 , i/ie space 

V e (0) := spanf/C/O • • • cf> e (f n )Q : G ^(O)®^} (4.2) 

is dense inTC (Reeh-Schlieder property). 

Proof, a) follows directly from the definition ( |2.34| ) of 4> d (f), and b) is a consequence of the 
facts that the ^ n are vector-valued distributions and / i— > / (gig (7, g G J?^, is continuous in 
the Schwartz topology (Lemma [O] a)). 

c) This property has already been established by Soloviev but we give here a proof 
for the sake of self-containedness. To begin with, note that 

u(f* ® g) = u,(f* ® e g) , f,g^y, (4.3) 

since the factor exp(— Pi)@(YlT=i 1r)) appearing in (f*) n ®eg m drops out because 
the Wightman distribution Cj n+m (p, q) has support in {(p, q) : Yj?=i Pi + Y^T=i 1r = 0} anc ^ 
6 is antisymmetric. 

With / G S^k, 9,h G J^, we therefore get 

(¥0/), /(/)*(&)> = (*(<?), *(/ 0, fc)) = w( 5 * ® (/ ® h)) = uj{g* ® e f® e h). 

Making use of Lemma |3.1| d), we furthermore see 

u(g* ®e f®eh)= ® e 9)* ®e h) = <*(/* ®e 5), *W> = (/(/*)*(<?), *(/*)). 

This proves ( |4.1| ). 

For d), we first observe that £> (]R 4 ) = 7r e (0*®)tt is dense in ft because f2 is a cyclic 
vector for the GNS representation 7r s . To establish the density of the restricted spaces 
T>q(0), with OcE some open set, note that 4> e {f) transforms covariantly under trans- 
lations, 

U(x, l)<f> e {f)U(x, I)" 1 = /(/(*)) , fey K - (4.4) 

(For more general transformation properties of the fields <f) 9 , see also Lemma |4.3| below.) 
In view of the undeformed spectral properties of the translation group (positivity of the 
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energy), we can now apply the usual Reeh-Schlieder argument [^] to conclude the density 
of V e {0) C H from that of £> e (IR 4 ) C H. □ 



The undeformed fields (j>k are included in our considerations as the special case 9 = 0. 
Moreover, one can recover the original theory in the limit 9 — > of vanishing noncommu- 
tativity. This continuity of the ^-deformation is proved next. 

Proposition 4.2 (The commutative limit) The 9 -deformed field operators 4* d {f) con- 
verge strongly to the undeformed field operators </>(/) on T> as 9 —* 0. 

Proof. Let / G S^k and g G S^_. Taking into account that the are vector-valued tempered 
distributions, the continuity of 6 i— >• / ®0 g established in Lemma [O] b) implies 

hm /(/)*(<?) = lira l *(/ ® e g) = *(/ ® <?) = </>(/)*(<?) • (4.5) 
p — >o p — >o 

Since any vector in T> is of the form ^f(g) for some g G this proves the claim. □ 



4.2 Deformed n-point functions and reconstruction 

A Wightman quantum field theory can be completely characterized in terms of its n- 



point functions oj n {x\, ...,x n )u = (O, ^(ari) • • • <fik n ( x n)ty [ 20 1 . In the deformed setting 



we consider here, the (smeared) vacuum expectation values of products of fields are 

u%fi ® ... ® /„) := , /(/i) • • • <p e {f n ) n) = (n, * n (h ® e ... ® e /„)) 

= ®e ... 8>e /n) , (4.6) 

In the following, we will use the notation u e (f) = E n w n(/ n )> / = (f°J\ -A •••) G ^ 
with the distributions u;^ defined by linear and continuous extension of (4.6) to and 
write := u> n to emphasize the undeformed n-point functions. 

The distributional kernels of the deformed Wightman functions have in momentum 
space the universal 6>-dependence 

^ n ( P l,...,Pn)k= J] ^ Pl6Pr -U>l,-,Pn)k. (4.7) 

l<l<r<n 

Definition 2A implies that <j) e {f)Vl = 0(/)O does not depend on 9 G Hi* 4 . Hence the vac- 
uum expectation value of a single field and the two-point function are always undeformed, 
uj\(x\) = u>i(xi), uj^xi, x 2) = ^2( x i' x 2)- The twisting factor Y\i <r e~2 piepr introduces a 
non-trivial 0-dependence only in the higher n-point functions, n > 3. 

As pointed out by Soloviev |15|], the inner products, /, g G 

{f,g)e:=J{r®g)=J{r® e g) (4.8) 
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are positive semi-definite, i.e. we can use them in the same way as in the reconstruc- 



tion theorem of Wightman theory [2C] to define different Hilbert space structures on the 
Borchers-Uhlmann algebra 5f_. Calling the completed spaces Tig, 9 G Ml x4 , we consider 
the maps ug : — > defined by 

M) n (p)-= n ^ Pl0pr -r(p)- (4.9) 

l<l<r<n 

With the help of the translation invariance of the ui®, one readily proves 

(u e f, u e g) = io°((u e f )* <g> u e g) = to (u e f* ® e u e g) = to e {f* <8> g) = (/, g)e , 

i.e. the ug extend to unitaries Ug mapping Tig onto Ho, with Ug -1 = U-$. To reconstruct 
the field operators, we consider the maps <pe(f) : — > f G <5?k, 

Mf)9--=f®eg, (4.10) 

which are intertwined by the ug, i.e. <fg(f) = ug^pQ(f)ug 1 . In the same way as in the 



proof of Proposition r LA_ a), one can show that {g G : (g,g)o = 0} is a left ideal with 
respect to the Moyal tensor product. Hence the maps ipo(f) give rise to linear operators 
on TCq = Ti via the usual Wightman reconstruction procedure - these are the ^-deformed 



fields 4 '(f) introduced in Definition 2A 



One can also consider tfo(f) as an operator on Tig, but the relation between <p$(f) and 
<fo(f) implies that the latter point of view is unitarily equivalent to the former. We work 
here with / i— > f ®g g on Tio in order to represent all fields 4> 9 , 9 G Hi* 4 , on the same 
Hilbert space. 

For the case of a scalar neutral free field (f> , the deformed field operator (jf can be de- 
scribed in terms of twisted creation/annihilation operators af(p) |J. But also for general 
Wightman fields <j), one can specify the distributional kernels of the deformed fields </>(/) 
explicitly. With / G ^k, g n G yg, we have 

k,l 

Since the vectors fy n (q)i are eigenvectors of the energy-momentum operators P^, with 
eigenvalues ]Cj=i Qji the- kernels of the deformed fields can be written as 

4(p)=Mp)e~i peP = e-^ dP Mp). (4.11) 

The second equality follows from the translation covariance of 4>k an d the antisymmetry of 
9. In position space, ( 4.11| ) formally reads 



4(x) = exp ( - i A 9^ pj\ </> h (x) , (4.12) 
a formula which has been used in the work of Balachandran et. al. for deformed free fields 



1 25]. Definition 1A can be understood as a way of giving rigorous meaning to this formal 



expression for general quantum fields. 
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4.3 Covariance and TCP properties 

As we saw in the previous section, the deformed fields 4>k do not differ much from the 
undeformed Wightman fields 4>k as far as domain and continuity properties are concerned. 
However, the noncommutative background is expected to lead to drastic changes in com- 
parison to the commutative case when it comes to questions of covariance and localization. 
The vacuum state to 8 fixes a specific value 9 in the joint spectrum of the commutators 
[Xfj,,X u ] = iQ^u and thus breaks Lorentz invariance to a subgroup if 9 ^ 0. This feature 
manifests itself here in a modified transformation rule for the deformed fields. 

Lemma 4.3 (Poincare transformation properties of the deformed fields) 

Let (a, A) G V\ and f G ^(R 4 ). Then, with A = A(A), 

U(a, A)cf> e (f)U(a, A)' 1 * = ^ \f M ) * , * G T> • (4-13) 

Proof. Let g G 5^_. Then 

U(a, A)4 e (f)U(a, A)'^(g) = U(a, A)V(f ® e g {a>A) -i) 

= *((/ ®e 9( a ,A)-^)(a,A)) 
= *(/(M) ®AeA T 5) 

= MAT (W*(5), (4-14) 
where we used Lemma |3.1| c) in the third equality. □ 



From the point of view of an observer preparing a state of the form uj e , with some 
& S/t eKm , rotated or boosted systems appear in different states uj 8 ' ', with the noncommu- 
tativity parameter 9' varying over the orbit S KeKm . Each ^-deformed field (j) e transforms 
covariantly only under those Lorentz transformations A which satisfy A9A T = 8. If both 
the parameters K e ,K m labelling the orbit ( 2.12Q are different from zero, this subgroup is 
SO(l, 1) x SO(2), with the two factors corresponding to boosts in the xi-direction and 
rotations in the X2-X3-plane in the case of the reference matrix 9\ ( 2.13| ), 

However, the model given by the family of fields {<p e (f) ■ 9 G S KcKm , / G -5^k] is 
covariant under the full group V\, with the modified transformation law (4.13). This field 
theory does not depend on a specific value of the noncommutativity parameter 9, but only 
on a chosen Lorentz orbit S KeKm C M_ x4 , i.e. on the two parameters K e , K m G H. 



In usual Wightman quantum field theory, it is well known that the representation U of 
V\ can be extended by an antiunitary TCP operator J implementing spacetime reflection 
and charge conjugation. The undeformed fields transform covariantly under this operator, 



i.e. 



J<Kf)r~ x = <Kf J ), J*{g) = *{g J ) 



(4.15) 



where g — * g denotes the involution (2.8) 
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In many models, even stronger covariance properties are realized, and all Poincare 
transformations act as symmetries. In particular, time reflection rT(xo,x) := (— Xq,x) and 
space reflection rp(xo,x) := (xo,—x) are then represented by (anti-) unitary operators 
T := U(0, rx) and P := U(0, rp) (not to be confused with the energy-momentum operators 
P , ...,P 3 ) such that, / G J^(1R 4 ), 

TMf)?- 1 = a T {k) ■ h(7(^)) > P4>k{f)P~ l = «p(*0 ■ Mf(o,r P )) , (4-16) 

with phases ar(fc), ap(fc) G {1,-1, i, — i}. In this case, there also exists a charge conju- 
gation operator C, C4>k(f)C~ 1 = ac(k) ■ <%(/), with ac(A;)a;p(&)aT(A;) = i N ( k \ and J 
coincides with the product TCP [pTsf ] . 

In the ^-deformed framework considered here, the situation looks as follows. 

Proposition 4.4 (TCP and reflection symmetries for deformed quantum fields) 

The TCP transformation J acts on the deformed fields according to 

J^ e {f)J- 1 = r e {f J )- (4.17) 

If the transformations P, C and T are realized separately as symmetries of the undeformed 
theory, the deformed fields satisfy 

P<j>lU)P- 1 = a P {k) ■ f k p0rp (f (o , rp) ) , (4.18) 
C^C- 1 = a c (k) ■ cpl(f) , (4-19) 
T4(f)T^ = a T {k) ■ 4>7 T6rT U(^T)) ■ (4-20) 



Proof. We first use Lemma ^lj c) to compute the action of J. With / G S^k-, 9 G there 
holds 

,//(/) J*(g) = J*(f e /) = *(f J g) = r 9 (f J )*(g) ■ 
The proof of Lemma [4.3| can immediately be extended to cover also the parity trans- 



formation P, leading to (4.18). For time reflection, one has to take into account that 
T is antilinear: This conjugation flips 9 to —9 and also leads to a conjugation of the 
testfunction in T</>^(/)T _1 ( 4.20| ). Finally, for charge conjugation we have C^ n (g n ) = 



Ek a c{ki) • • • a c (k n )^ n (g%), which implies ( fcl9|) . □ 



Note that with 9 G £ KcKm , also —9 lies on this orbit, i.e. the TCP transformed 
fields J(f> s (/)J _1 are also elements of the polynomial algebra generated by the fields 4> s (f), 
9 G S KcKm , / G S^k- In the following, we will only use the (cover of) the proper Poincare 
group as symmetry group, since the individual reflections T, C, and P might already be 
broken on the level of the undeformed theory. 

The TCP theorem in the context of ^-deformed theories has attracted some attention 



in the literature 13, 27]. In [13], a different model-independent setup for Wightman 



theories on Moyal space was proposed, with the essential ingredient that the geometric 
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symmetry group is 0(1, 1) x S0(2). This kind of symmetry is shared by the algebra of 
fields (f> belonging to a fixed 9 in a Lorentz orbit So jKm with K e = in our setting, i.e. on 
a Moyal space with "commuting time". In |jl3[| , the authors consider this weakened sym- 
metry together with a weakened locality assumption (cf. also the discussion after Theorem 
|4.5| below), which can be used to derive the TCP theorem in that setting, see also [26] for 
a somewhat similar approach. 

In the special case of deformations of the free scalar neutral field, the TCP symmetry 



of Proposition 4.4 has been established before 



4.4 Localization in wedges 

It is well known that quantum field theory on noncommutative spacetimes typically exhibits 
nonlocal features. In general, one has for f,g G J^(1R 4 ) with space-like separated supports, 
supp/ C (suppg)', 

[4lV),tf(g)h*o, (4-21) 

in contrast to the undeformed situation at 9 = (|2.5|). At small scales of the order of 
magnitude of the Planck length, such a violation of locality might be acceptable from a 
physics point of view, but at larger scales, nonlocality has to be regarded as an unphysical 
artifact of the chosen model. 

We therefore want to investigate in the following to which degree locality is broken 
in our setting, and will find a weakened concept of localization which is still compatible 
with noncommutativity. As for the Lorentz transformation properties, our point of view is 
that of an observer preparing a vacuum state uj e with sharp noncommutativity parameter 
6 £ S KcKm . The question we consider is if it is possible to consistently assign localization 
regions O C H 4 (presumably larger than a single point set {x}) to the field operators (f) S (x), 
such that the transformed fields U(a, A)<j) 9 (x)U{a, A)^ 1 commute with (fp(x) whenever 
A(A)0 + a lies spacelike to O. 

In the context of a deformed free field (jf , it has been shown that although the point-like 
localization of <p a is lost for 9^0, the fields 4> e are localized in certain infinitely extended, 
wedge-shaped regions of Minkowski space ||: For any 9 € S, there exists a wedge region 
W{9) c R 4 such that <j% (x) is localized in W{9) + x in the above mentioned sense. 

The same type of localization was also found in the generalized deformation studied 



by Buchholz and Summers 17]. Here we show how the wedge-locality of the ^-deformed 
fields can be derived from properties of the Moyal tensor product, and first recall some 
facts about wedges. 

As our reference region, we take the standard wedge W\ in xi-direction, 

W\ := {x £ H 4 : x\ > \xq\} , (4.22) 
and the set of all wedges is defined to consist of all Lorentz transforms of W±, 

Wq := C\Wi = {AVFi : A G C\_} . (4.23) 
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It has been shown in j|] that the sets S KoKm and Wo are homomorphic as homogeneous 
spaces for the proper Lorentz group since the stabilizer group of 9\ ( 2.13| ) with respect to the 
action 9 t—* A9A T and the stabilizer group of W\ ( |4,22| ) with respect to the action W <— > AW 
coincide if K e 7^ 0, K m 7^ 0. This also holds if we consider £ and Wo as homogeneous spaces 
for the proper Lorentz group £ + and represent the spacetime reflection by 9 \—* —9 (cf. 
Prop. 0). 

We can therefore associate a wedge W{9) £ Wo with each 9 £ £ in a covariant manner 
by putting 

W{A8iA T ) := s(k c ) AW! , A £ C\ ; (4.24) 

this assignment is well defined in view of the above remarks. Here e(n e ) denotes the sign 
of the parameter K e appearing in the definition of the orbit £ = S Ke « m (|2.12 ), i.e. 9\ is 
associated with W\ if K e > 0, and 9\ is associated with — W\ if n e < 0. 



With the convention ( |1.4j ), the reference noncommutativity 9\ ( 2.13 ) maps the positive 
lightcone into the wedge — W\ if K e > 0, i.e. 9\ V+ C —W{6\). 

The causal complement of W\ is W[ = —W\. Since spacetime reflection j : x 1— > —x is 
implemented by 8 ^ —9 on £ KoKm , we have 

W{9 1 )' = -W(6i) = ;W(6»i) = -W(0i) . (4.25) 

By standard covariance arguments, these remarks imply the following facts. For a), see for 
example 



Wl) Let Wi, W 2 £ Wo- Then W x C W 2 ^ Wi = W 2 . 

W2) The causal complement of a wedge W £ Wo is W = — W. 

W3) W{9) = -W{9') ^8 = -9'. 



W4) 9 V + C -W{9) , 9 £ S . 

Our theorem regarding the localization of the fields c/>^ reads as follows: 

Theorem 4.5 (0-deformed quantum fields are wedge-local) 

If two undeformed fields 4>k, 4>i commute or anticommute at spacelike separation, 

[fo(aO,&(y)]± = 0, (x-y) 2 <0, (4.26) 

then their 9-deformed counterparts satisfy the following wedge-local (anti-) commutation 
relations: For ^ £ V, noncommutativity parameters 9,9' £ T, KeKm , and test functions 
h,h £^(H 4 ) with 

supp/i + C (supp/ 2 + W(9'))' , (4.27) 

there holds 

[4(/l),0f(/ 2 )]±* = O. (4.28) 
Hence the fields 4>f.(x) are localized in the wedge regions W(9) + x. 
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Proof. In view of the above remarks Wl)-W3) on the structure of Wo, the condition of 
spacelike separation Q4.27D implies W(9') = W(9)' = -W(0), and hence 9' = -9. So 
we consider indices k, I G {1,...,K} such that fl4,26| ) holds, and testfunctions /i,/2 £ 
oS^(]R 4 ) with supp/i + W{9) C (supp/2 — W(9))' . But this inclusion only occurs for test 
functions fx, f 2 such that there exists some translation a G H 4 with supp/i + a C W(0) 
and supp/2 + o C — W(0). In view of the translation covariance of the theory, it therefore 
suffices to consider the case supp fx C W(9), supp /2 C —W(9) for the proof of the theorem. 
Choosing such fi,f 2 , an arbitrary g n £ ^(IR™) and a multi-index m, we get 

[4(h), h e (f2)]±* n m (g n ) = *SE(/i ®« (/a a-« <? n )) ± *££(/ a ®-« (/1 ®e 5 n ))- 

With the help of the exchange relation ( |3.15| ) , 

(f2®-e{fi®6 9 n ))(*2,xi,y) = (h®e(f2®-eg n )){xx,x 2 ,y) : (4.29) 

we can express the (anti-) commutator of the deformed fields in terms of the (anti-) com- 
mutator of the undeformed fields as 



[<t>Uh),<f>7 (/2)]±*m(<7 n ) = / dxxdx 2 dy(fx®e (f 2 ®-eg n )){xx,x 2 ,y) [<j> k {xx), ^(x 2 )]±^(y). 
For any vector $ £ TL, we therefore have 

($, [^(/ 1 ) 1 ^(/2)]±W))=n/i®e(/2^9 ,, )) ) (4-30) 

where W denotes the distribution with kernel W (xx,x 2 ,y) = [<j>k(xx) , 4>i(x 2 )]± i S^ n (y)} ■ 
The Fourier transform of W has support in the (n + 2)-fold product of the forward 
light cone V+ as a consequence of the spectrum condition. We are thus in the position to 
apply Proposition pT2] b), which yields 



(d>, l4(fx), 0r e (/2)]±*mG? n )} = ^(XU • (fi ®e (/ 2 ®-e 9 n ))) , (4-31) 



where xu is the characteristic function of the set ( 3.14 ) 

U = (supp fx - 9V+) x (supp f 2 + 6V+) x R 4ri 



C (supp/i + W(0)) x (supp/2 - W{&)) x R 4n 
C W(9) x W(0)' x R 4r \ 

In the second line, we used the inclusion property W4), and in the third line the. support 
properties of fx and f 2 . 

From this form of U, we see that for all (xx,x 2 ,y) £ U, x\ lies spacelike to x 2 . But the 
commutator distribution W vanishes for spacelike separated xx, x 2 in view of the locality 
of the undeformed fields. So we arrive at 

<*, [/ fc (/i),^(/2)]±*^))=0, (4.32) 
and since $, g, n and m were arbitrary, the statement of the theorem follows. □ 



- 22 - 



The localization properties of various approaches to noncommutative quantum field 
theories have been discussed in the literature before, and we would like to point out a dif- 
ference between the approach taken by Alvarez-Gaume and Vazquez-Mozo and our formu- 
lation |l3|]. These authors consider a modified Wightman framework in which the Lorentz 
group is replaced by 0(1, 1) x S0(2) as the symmetry group. On the basis of this restricted 
symmetry, they also propose a modified locality condition (see [^] for related perturbative 
calculations), which in our notation reads 

[$(x),$(y)]± = 0, (x - y) € Wi U (-Wi) . (4.33) 

This vanishing of (anti-) commutators between field operators with the same 9 is however 
not a feature of models of the type considered here if 9 ^ 0. Explicitly, one can for example 
consider the ^-deformed free scalar field <$P D an d evaluate the two-particle contribution of 
the field commutator on the vacuum [01, 



. P1O1P2 
sm 



For generic on-shell momenta pi,P2, this distribution does not vanish if x — y are wedge- 
like separated as in ( [4.33 ) . In fact, the interplay between (fP and <p~ 9 is essential to derive 



wedge locality, as was demonstrated in the proof of Theorem 4.5 



Regarding the discussion of the Spin-Statistics Theorem [|2Cj for quantum field theories 
on noncommutative Minkowski space, we mention that this structure is undeformed in 
our framework: As is apparent from Lemma 4.3, a deformed field (jrL transforms under a 



half-integer or integer spin representation precisely if its undeformed counterpart <pk does. 
Also the modified commutation relations fit into this picture: Deformed fields <j>t(x), <fif (y) 
commute or anticommute precisely if 4>k(x), 4>i{y) do, with the only modification that the 
condition of spacelike separation now also involves the parameters 9, 9' and their associated 
wedge regions. 



The wedge- locality of the ^-deformed fields is of conceptual interest, since it shows that 
some restricted form of locality is still present also in the noncommutative setting. On the 
other hand, such localization properties are also useful from a more practical point of view 
since they allow for the computation of noncommutative corrections to the two-particle 
S-matrix. 

If the initial undeformed theory has a decent energy-momentum spectrum, there exist 
two-particle incoming and outgoing scattering states |p, <7)f n / out) 9 G S KcKm , also in the 
wedge-local deformed theory. Such asymptotic states have been constructed in |l7j using 
methods developed in jL6|, the main ingredient being the fact that the two wedges W{9) 
and W{9') = W{— 9) can be causally separated. For a computation in the model of the 
^-deformed free field, see ||. 

These scattering states can be used to calculate the S-matrix elements for collision 
processes with two incoming and two outgoing particles. Assuming for simplicity that 
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the original theory describes a single species of massive particles, consider on-shell mo- 
menta p,q,p',q' such that q — p £ W(9), q' — p' G W{6). The S-matrix elements of the 



corresponding asymptotic two-particle states of the deformed theory are then given by [17] 
J<P, <1 1 P', 4)1 = e-t"*e-y* ■ J(p, q \ p', q'Z , (4.34) 

where ou t(p, q | p', q')f n denote the S-matrix elements of the undeformed, local theory at 
9 = 0. 

This deformation of the S-matrix shows that the effective interaction between particles 
on noncommutative Minkowski space is influenced by the noncommutativity. To detect this 
effect, one could for example use time delay experiments. 



The asymptotic states (4.34) depend on the noncommutativity parameter 9 of the 



fields 4> e , 4> 9 used for preparing them. As pointed out in [17], the ordering of momenta 



with respect to the wedge W(9) breaks the Lorentz invariance of the S-matrix, a striking 
consequence of the nonlocality of the deformed models considered here. 



5. Conclusions 



In the context of quantum field theory on noncommutative spacetimes, two quantization 
steps are involved: The usual quantization relating a classical field theory to a quantum 
field theory, and in addition the step from a "classical spacetime" to a noncommutative 
"quantum spacetime". Introducing a parameter i? measuring the noncommutativity of 
the spacetime, with $ = corresponding to a commutative manifold 3 , the challenge is to 
formulate models of quantum matter on quantum spacetime, i.e. at h > and •& > 0. 

Starting from a classical field theory (CFT) on a classical spacetime (CST), at least 
two quite different strategies of constructing QFT on quantum spacetime (QST) are con- 
ceivable. 

CFT on QST QFT on QST 

(ft = 0,t?>0) (h>0,#>0) 



CFT on CST QFT on CST 

(h = 0,0 = 0) (h> 0,^ = 0) 

In the above diagram, one possible strategy consists in first formulating a model of classical 
fields on quantum spacetime. In concrete examples, this is usually done by considering 
deformed classical Lagrangeans, involving Moyal-products like (p (x) *...*</? (x ) as interaction 
terms. The second step in this procedure then consists in going over to a quantum field 
theory on QST, and is usually approached by perturbative renormalization with new, in- 
dependent counter terms to define the corresponding QFT on QST (see, for example, 
II, H, U for Euclidean models, and [Q] for a Lorentzian approach). 

3 For the noncommutative Minkowski space considered here, one can use $ := + |ft m |. 
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A different strategy consists in taking the other route from the lower left corner at (h = 
0, •& = 0) to the upper right corner at (h > 0, $ > 0) in the above diagram. This amounts 
to first considering a QFT on a classical spacetime, and then applying the deformation to 
quantum spacetime afterwards |l3|, ^, 15, |i~7| ]. 

These two alternative procedures are however inequivalent in general, i.e. the described 
diagram is not commutative. This can for example be seen when considering the theory of 
a free, scalar field on Moyal space: Arguing that the corresponding classical Lagrangean 
L$ on QST should arise from the initial free Lagrangean Lq by replacing ordinary products 
with Moyal ^-products, one sees that the action is unchanged since L& is quadratic (see, 
e.g. H). Hence "noncommutative free QFTs" are undeformed from this point of view, i.e. 
identical with the usual free QFTs on commutative spaces. However, following the second 
strategy, one arrives at the conclusion that the deformed free theory does differ from its 
commutative counterpart M. 



In the present paper, we discussed an approach in the spirit of the second construction 
procedure. In the formalism presented here, the noncommutative structure of spacetime 
amounts to a universal deformation of the QFT under consideration, which can be traced 
back to a deformation of the tensor product in the underlying Borchers-Uhlmann algebra 
of test functions. The differences and similarities between the basic structures of a usual 
quantum field theory and a deformed one were investigated. 

In view of the simple form the noncommutativity, it seems well possible to extend our 
formalism to other topics, such as thermal equilibrium states of deformed quantum field 
theories, or a Euclidean formulation and its relation to the Minkowski regime. Moreover, it 
would be interesting to understand better the relation between the two different construc- 
tion strategies pointed out in the above diagram, and to analyze the interplay between the 
^-deformation and perturbation theory. 



Independently of the motivation to study quantum field theory on noncommutative Minkows- 
ki space, the construction carried out here is also of interested for usual "commutative" 
QFT, as emphasized in [17|: It provides us with new wedge-local, covariant models with 
non-trivial S-matrix. Using methods of algebraic quantum field theory [O], the local ob- 
servable content of such models can be determined and used to define a strictly local 
theory. In the present ^-deformed setting, the corresponding local models are expected to 
be trivial 17 j, which is consistent with the nonlocal structure of Moyal space. But the gen- 
eral strategy of constructing local, interacting models from deformed wedge-local theories 
seems to be a promising new approach to constructive quantum field theory, which in the 
two-dimensional case has already led to the rigorous construction of many models which 
were not accessible by other methods |3l], |32], 34]. 



In this context, we briefly mention possible generalizations of the deformation discussed 
in this paper. The ^-deformation amounts to equipping the Borchers-Uhlmann algebra un- 
derlying Wightman theory with a new "twisted" tensor product, the Moyal tensor product 
®q. However, most of the structural results derived here do not depend on the specific 
form of this twisted tensor product, but rather hold for more general deformations. For 
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example, one can define a product ® p e as 

^ n m 

(f n ® p e g m )(p, g) ■= H H p(pi ^ • , (5.1) 



i=l r=l 



with a suitable function p satisfying in particular p(0) = 1 and p{— A) = /5(A). For functions 
of a single variable, this new product arises by smearing over a range of noncommutativities, 

<J 1 ® p 9 g 1 )(x,v) = r^^-if^x-eg 1 )^). (5.2) 

JO V27T 



Provided that the vacuum state on the Borchers-Uhlmann algebra is compatible with this 
new product in the sense that {/ 6 : uj(f* (g> /) = 0} is a left ideal with respect 
to multiplication with the corresponding fields (f e ' p (f)^(g) := ^(f ®g 5) are well 
defined. They then satisfy the same covariance (Lemma |4.3| and Proposition [4.4| ) and 
locality properties (Theorem 4.5) as in the previously considered case corresponding to 



p(X) = \/2vr 5(X — ^), and lead to a non-trivial S-matrix involving p. 

Constructions of this type therefore further illustrate the possibility of obtaining quan- 
tum field theories with various non-trivial S-matrices from interaction-free theories by 
means of a deformation procedure. This topic will be studied in more detail in a forthcom- 
ing publication 4 . 
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